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1 Introduction

Aims of algebraic topology:
e Distinguish spaces via (algebraic) invariants
o (co)homology, homotopy group, K-theory, ...etc
e Study the homotopy set Map(X,Y")/ ~

Map(X,Y)/ ~

e Map(X,Y) = Homp,,(X,Y): the morphism set
is “too large”
Map(X,Y’)/ ~ is much smaller, but still difficult
7 (X) == Map(S™, X)/ ~: homotopy group
is the simplest case (but still difficult)
Other important examples:
o H"(X; A) 2 Map(X,K(A,n))/ ~
o {principal G-bundle over X} = Map(X, BG)/ ~

(Co)homology and homotopy groups

e (co)homology
o easy to compute
e homotopy group
o hard to compute
o Y: CW complex

~~~ 7,(X) contains “info” on maps f: Y — X

A 1.2.

Easily computed by using Mayer-Vietoris exact seq:

{

5l 1.4 (Homotopy groups of spheres, [Wike]).

Z
0

(k=n1)
(otherwise)

Y

Hy(S™;Z)

T T2 T3 T4 U e 7 8 e
s'lz 0o 0o 0o 0 o0 0 0 0
s?lo z zZ Z/2 Z/)2 Z/12 7,2 Z/)2 73
S0 0 Z Z/2 Z/2 Z/12 72 Z/2 7/3
S4lo0 0 0 Z Z/2 Z/2 Z&Z/12 (Z/2)? (Z/2)?
slo 0 0 0 Z Z/)2 Z/2 724 72
slo 0o 0 0 0 Z z/2  Z/2  Z/%
STlo 0o 0o 0o 0 0 z z/2 72
e Very difficult!!!

e See % 1.1 for a larger table
Some patterns:
o Vk>1, m(S1) =0 (5% 3.2)
o k<n = m(S") = Hp(S")
ok<n = mp(S")=0(%38(1))
o mp(S™) X Z (238 (2))
o m,(S™) 22 w1 (S™TL) for some range (5% 3.15)
e No p-torsion for a large prime p (> 5)? (FEH 4.14, &

B 4.15)
o 7 (S™) is finitely generated for any (k,n) (5% 4.10)
o 7, (S™) is finite for most (k,n) (FEHE 4.12)

) Notation
(1) What properties does 7 (X) have?
. e ~: homotopic, homotopy equivalence
(2) How can we compute 7, (X), especially 7 (S™)?
e = isomorphic, homeomorphic
5l 1.3 (Homology groups of spheres). e ~: an equivalence relation
e N=1{0,1,2,...}
H, H, Hy Hy Hy He Hr Hs Hy e For (non-empty) A C X, write
stiz o 0 0 0 0 0 0 O
) X/A =X/~

s“/o0 zZ 0 0 O O O 0 O

$lo0o 0 Z 0 0 0 0 0 O dof

Sl o 0 0 7Z 0 0 0 0 0 where z~2 & zcAanda’ €A

$/0o 0 0 0 Z 0 0 0 O

0o o0 0 0 0 Z 0 0 O

%% 1.1: Some (unstable) homotopy groups of spheres
1 T2 T3 T4 5 e ™7 ™8 T9 10 T11 T2 T13 T14 15

stl1z o o0 o0 0 0 0 0 0 0 0 0 0 0 0
sl o z z z/2 Z/2 Z/12 Z/2 Z/2 Z/3 Z/15 Z/2  (Z/2)? Z/12017/2 Z/84 ® (Z/2)? (Z./2)?
sl o 0o z z/2 Z/2 Z/12 Z/2 Z/2 Z/3 Z/15 zZ/2  (Z/2)? Z/1201Z/2 7/84 ® (Z/2)? (Z./2)?
sl o o0 o0 Z  Z)2 Z)2 Z®L/2 (Z/2)% (Z/2)* 7/2487Z/3 Z/15 @ Z/2 (z/2)% Z/120 D Z/12 @ Z/2 7/84 & (Z/2)°
s 1o o0 0 o0 Z 72 Z/2 7.)24 7)2 7/2 zZ/2  Z/30 Z/2 (z/2)3 Z)T2B2Z/2
s 1o o o0 o0 0 Z Z/2 Z/2 7/24 0 Z Z/2 7./60 7)24 ® 7./2 (z/2)3
sT1o o0 0 o0 0 0 Z z/2 z/2 Z/24 0 0 Z/2 7./120 (z/2)3
s& 1o 0o 0 o0 0 0 0 Z Z/2 Z/2 Z/24 0 0 Z/2 Z®7Z/120
s 1o o0 o0 0 0 0 0 0 Z Z/2 Z/2  Z/24 0 0 72
sl o o0 o0 0 0 0 0 0 0 Z 7./2 72 7./24 0 0
st*1o0 o0 o0 0 0 0 0 0 0 0 Z Z/2 7/2 7/24 0
s2 10 0 o0 0 0 0 0 0 0 0 0 Z Z/2 72 7./24




| 2 Definition of homotopy groups

In this section, we

e give precise definition of homotopy groups

e prove some basic properties
2.1 Definition of 7,(X) as a set

% 2.1.
(

e (X, xzp): based space
&5 X top. space

o xg € X

o f:(X,z0) = (Y,yo): base point preserving map
def
= f(zo) = yo

e Map, ((X,z0),(Y,y0)): the set of base point preserv-

ing maps

o f.g: (X,z0) — (Y,yo): base point preserving maps

Define f ~ g: homotopic
&L IH: X x I Y sit.
o H(-,0)=f
o H(—1)=g
oVtel, H(xo, t) =yo

EFE 2.2.

keN
Define

o S* =14 (xo,1,...,21)

o) s
the unit sphere
e s0:=(1,0,0,...,0) € S*: base point

s SF = (S* s0): based space

£ 2.3.
keN

X = (X, z0): based space
Define

ﬂ-k(X7 330) = Map*(Sk7X)/ =

2.2 Group structure of 7, (X)

EFE 2.4.

(X, A): pair of spaces (i.e. A C X)
(Y, B): pair of spaces (i.e. BCY)
Define

Map((X, A), (Y, B)) = {f: X =Y | f(4) C B}
C Map(X,Y)

f#RE 2.5.

me(X, 20) = Map((I*, 01%), (X, z0))/ ~

where

e [ =[0,1]*: k-dim cube
e OI*: boundary of I*

R IF /01 = S*.

N

oI

EXE 2.6.
Note on my:
o S9={zeR||z|=1} = {1}
so=+1¢€8°
~—~~ Map, (8%, X)
= Map(({#1}, +1), (X, 20))
= Map({+1}, X)
~ X

e [0 = {x} (one element)
o1° =10

~~ Map((1°,01°), (X, z0))
= Map(({*},0), (X,z0))
= Map({*},X)

=~ X
Hence

o fifif# 2.5 holds also for k =0
e 7o(X) = (path components of X)

& 2.7.
k>1
(X, x0): based space
f:9 € Map((I*,0I"*), (X, o))
Define f-g € Map((I*,01%),(X,z0)) by

) = f(2ty,ta, ... th) (
’ g2ty — 1,to,...,tx) (

(f-9)(t1,t2,. ..

~+
—

= O
IN A
S

I IA

— N



k=1
xo Zo Zo
t25 "7tk
k>2 f g Zo
t1
8 2.8.

(1) k>1 = m(X): group
(2) k>2 = m(X): abelian group

FERA
(1) Let e: I* — X be the constant map at .
Unitality

To | f

1
S~
[2¢
~

Lo

e-f f fe

s fe] - [f] = [f] = [f] - [e]

Associativity

(f-9)-h f-(g-h)

= ([f]-[g]) - [R] =[] (lg] - [R])
Inverse Define f(t1,ta,... t;) = f(1 —t1,t2,...,t%)
o o fmenfg

(2)

i) )

Zo| g g | Zo

Generalizing the proof of ffi 2.8 (2), we have:

78 2.9 (Eckmann-Hilton argument [EH62, Theorem
4.17]).

X: set

0: X x X = X, 1,: unit for o

*: X x X - X, 1,: unit for x

Assume

Va,b,c,d € X, (aob)x(cod)=(axc)o(bxd)
Then

(1) Lo =1,
(2) o=«
(3)
(4)

o is associative

o is commutative

AL
(1) a=d=1,, b=c=1,

(~~~ Write 1 := 1, = 1, for simplicity)

(2) b=c=1
3) bv=1
(4) a=d=1

ERE 2.10.
(1) Write

eaob=(a )

:<)

Then the assumption implies
(e 5)-(() ()

b
) without ambiguity

a
~~~ We can write (
c

~~~ Similar picture as in fifii& 2.9 (4)

(2) Roughly speaking, fifid 2.9 states:
X: monoid object in the category of monoids

—> X: commutative monoid

AR 2.11.
In £ 2.7, f - g is defined by using the first param ;.
By fifii# 2.9 (2), choosing another ¢; does not change the

group structure.



3 Properties of homotopy groups
(of spheres)

In this section, we explain:
e isom for covering spaces
e Hurewicz isom
e suspension isom

e Whitehead theorem (importance of 7, )

3.1 Covering space

See [Hat02, Section 1.3] for definition of covering spaces.

EH 3.1.
B: path-connected space
p: E — B: covering space
Then
Vk > 1, p«: mp(E) — m,(B): isom

IR

P Recall ([Hat02, Prop 1.33]):
E
27 | = mX0) € pa(m(E)

x_-1.,B

Surjectivity Since m;(S*) = 0, every map S¥ — B has

E
. =
a lift: 3, lp
Sk —— B
Injectivity

Given [g] € Ker p,
ie. g: S*¥ - E with po g ~ const

~~~ Jh: D**! 5 Bst. hlgi =g

E
Since 71 (D**1) = 0, we have a lift: 3’:’,/;' lp
DH1 b, p
" il|sk- =g
> [g] =0em(E) O
% 3.2.

Vk>1, m(SY) =0

FEH Apply &EH 3.1 to the universal covering p: R — Slm

3.2 Hurewicz isomorphism

£ 3.3 (n-connected).
n €N
X: top. space
Define

X: n-connected

&ho<vk<n, m(X)=0

AR 3.4.
e (-connected = path-connected

e l-connected = simply connected

E% 3.5 (Hurewicz map).
k>1
X: top. space

Define

Hur: 7k (X) ———— Hi(X;Z) : grp hom
(f: S* = X) —— £.[S¥]

where
[S¥] € Hy(S*;7Z): the generator of Hy(S*;7Z) =7

i 3.6.

X: 0-connected (i.e. path-connected)
Then Hur: 71(X) — H1(X;Z) induces

m(X)? S Hy(X;7Z)
FERH See [Hat02, Thm 2A.1]

E¥E 3.7 (Hurewicz isom (Hurewicz 1935 [Hur35])).

n > 2
X: (n — 1)-connected space
Then

(1) Vk <n—1, Hy(X;Z) =0
(2) Hur: 7, (X) N H,(X;Z): isom
FER See [Hat02, Thm 4.32]

% 3.8.
n>2
Then

(1) Vk <n, m(S™) =0
(2) m(S™) 2 Z

L] 7'('1(5”) =0

* van Kampen theorem

o Vk <n, H(X;Z)=0

~~~ By induction on k, we have
il 3.6, EH 3.7



Vk < n, Hur: m(X) =N Hy(X;7Z)

% 3.8 OMFLH [0 22, 5 5.1.7, EH5.1.8] (1)

Given [f] € m,(S™)
~~ Approximate f by a C'°° map

~~~ f: non-surjective

~~~ f is null-homotopic

(2) Mapping degree gives an isom m,(S™) =N/

O

O

There is also a relative version of Hurewicz isomorphism

EH 3.9 (relative Hurewicz isom).
n>2
(X, A): (n — 1)-connected pair

A: 1-connected
Then

(1) Vk<n-—1, Hy(X,A;Z)=0
(2) Hur: m,(X, A) = H, (X, A;Z)

AEAH See [Hat02, Thm 4.32]

% 3.10.
X, Y: l-conn spaces
[ X—=Y
n>2

Assume
fo: H(X;Z) — Hp(Y;Z):
Then

for (X)) = mp(Y):

AL

Case 1 X CY: subspace

By assump and long exact seq for H,,
Vk <n, H(Y,X;Z)=0

o~ VE<n, m(Y,X)=0
EH 3.9

isom (k <mn)
o~ for (X)) = m(Y):
surj (k=n)
Case 2 General
Replace f: X — Y with its mapping cylinder
E# 517
~~~ We can apply Case 1.

3.3 Suspension isomorphism

£ 3.11.

(X, zp): based top. space

Define

YX = (X xI)/~ : (reduced) suspension of X

> (X x I)/((X x 8I) U ({zo} x I))

where ~ is generated by
o Va2’ € X, (x,0) ~ (a/,0)
o Vo' € X, (z,1) ~ (2, 1)

o Vt,tl & I, ((E(),t) ~ (I'O,t/)

> X x{y X {1}

XxI —

{xo}x
X x {0} X x {0}
~¥X
e 3.12.
keN
Then
ESk gsk+1

FEB Regard S* = 1% /01
s BSF (SR 1) /((S* x AT U ({s0} x I))
>~ (I* x I)/((I* x dI) U (8I* x 1))

E% 3.13.

Define the suspension homomorphism E by

E: mp(X) —— Map,(B5*,32X)/ ~ =2 m1(2X)
[ f

£ 3.14 (Freudenthal suspension theorem [Fre37],
[BM51] ).

n>2

X: (n — 1)-connected space

Then The map E: mp(X) — mp41(XX) is

e isom for Vk < 2n —1

e surj for k=2n—1

Proof will be given later.



% 3.15.

(1) Vk < 2n — 1, mp(S™) =5 mppr (S7H1): isom
(2) 7on_1(S™) — w2, (S™F1): surj

EE 3.16.

For each m € N, we have a seq

T (8%) = Tmy1(SY) = -+ = Ty (S™) = - -+

o

= Tom+1(S™ 1) = Tami2(S™?) = Tamis(S™F?)

o~

i) 7T2m+4(5m+4) —p ooo
* Surj and isom follow from & 3.15

o~ Ttn(S™) stabilizes for n > m + 2

This is called the m-th stable homotopy group of spheres

(isom to colimy, 7,1 (S™))

3.4 ¥-Q adjunction and proof of Fif 3.14

EFE 3.17.
QX = Map, (S, X)

Hat02
A 3.18.
>: Top, = Top, : Q is an adjunction

In other words,
Map, (£X,Y) — Map, (X, QY)
a
FERH Follows from

e X x I —» ¥XX: quotient
e OX C X'!: subspace

e Map(X x I,Y) = Map(X,Y7')
[l
B 3.19.
me(QX) =2 7 1(X)
#EHH Follows from i 3.18:
Map, (S*, QX) = Map, (5%, X)
O

##7E 3.20.

The suspension hom F equals to the composition
E# 3.13

(X)) Xy o (T X) & e (5X)

filied 3.19
where
fined 3.18
Map, (2X,5X) — — Map, (X, QXX)

idEX F

ZEFH (Just a general property for adjunction)

We need to show the commutativity of

ﬂ'k(X *> Thk+1 ZX)

(nm lad

Take V[f] € m(X)  (ie. f: 5% = X)
~~~ Enough to show ad(Xf) =nx o f
o ad(Sf) = (951) o 1

© Naturality of ad:

o

Map, (£5*, 2.5%) —— Map, (8%, Qx.5%)
|@n. |@=p.

Map, (£5*, £X) ———— Map, (5%, Q¥X)

e (MXf)onse =nxof

-+ Naturality of n:

st L x

- Jow

k
Qs <= 195394

These complete the proof. 0

Now we are ready to prove EH! 3.14.

£ 3.14 OFFEH Applying Serre
QY X - PYX — XX, we have

spectral sequence to

isom (k<2n—-1)
(Nx)«: Hp(X) = Hp(QXX):
surj (k=2n-1)
isom (k<2n-—1)
s (Nx)s: TR(X) = TR(QEX):
% 3.10 surj  (k=2n—1)
~~~ fifi#d 3.20 completes the proof O

3.5 Whitehead theorem



EH 3.21 (Whitehead thm).
X,Y: (path-conn) CW complex
fi X—=Y

Assume

Vk €N, fo: mp(X) N m(Y): isom

Then

f: homotopy equivalence
(In particular, Vk € N, f.: Hp(X) =N Hi(Y))

~~~ 7,(X) contains “all info” on homotopy type of X

% 3.22.
X,Y: 1-conn CW complex

[ X =Y
Assume
Vk €N, fu: Hp(X;Z) =N Hy(Y;Z): isom
Then

f: homotopy equivalence

ZEHA Follows from ZHE 3.21 and % 3.10 -



4 Serre classes

In this section, we
e introduce Serre classes
e prove finiteness of 7 (S™)

e explain some properties of torsions of 7y (S™)

4.1 Serre classes and Hurewicz isomor-
phism

£ 4.1 (Serre 1953 [Ser53]).

C: a class of abelian groups
Define
C: Serre class
<d:(3f> e 0eC
e V(0L — M — N —0): exact,

MeC < L,NeC

R 4.2,

(1) EFEEKRIZ [Serb3] IZX 2D, (THDOEH 43 B

&%) FlZEIE [Neil0, §2.13] 2 S L 7.

(2) REGRZR ETHW SN “Serre subcategory” D FEi

BrEZxo< Zh.

# 4.3 (Serre 1953 [Ser53]).

C: Serre class
Define

e C: Serre ring
&L MNeC = M®N, Tor(M,N) eC
e C: Serre ideal
e =
VN: ab grp, M ® N, TorZ(M,N) € C
e C: acyclic

&L yM e, ¥k > 0, Hy(M;Z) €C

2 4.4 (Serre 1953 [Ser53]).

C: Serre class

f: M — N: hom of ab grp
Define

e f: C-isom gKerf, Coker f € C

(i.e. isom “mod C”)
Denoted by 2¢
o f: C-inj £ KerfecC
o f: C-surj (dEGf>Cokerf€C

f5 4.5.
(1) C == {0}: acyclic Serre ideal
~~~+ C-isom is the same as the usual isom
(2) FG = {fin gen ab grp}: acyclic Serre ring
~~ M =F9(0 «— M: fin gen
(3) F :={fin ab grp}: acyclic Serre ring
o~~~ M =P 0 < M: finab grp
(4) T = {torsion ab grp}: acyclic Serre ideal
(5) Let p: prime % 46
Tp ={M € T | M{p} = 0}: acyclic Serre ideal
~~~ For M,N €T,
M =T N < M{p} = N{p}

If M,N ¢ T, we have a counterexample:
Consider p: Z - Z (M = N =17)
e Since Coker(p) = Z/p ¢ T, it is not Tp-isom
e Obviously M{p} = N{p}

EF 4.6.
M: ab. group

p: prime number
Define

M{p} ={reM|FieNpz=0}CcM

EIE 4.7 (mod C Hurewicz isom [Ser53]).

C: acyclic Serre ring
X: 1-connected space
n>0
Assume
0<Vk<n,m(X)eCl
Then

(1) Vk<n-—1, H,(X;Z)eC
(2) Hur: mn(X) =5 H,(X;2Z): C-isom

ZEP By induction on n together with Serre spectral se-

quence for the fibration X — PX — X 0

R 4.8.

C: acyclic Serre ideal

— relative version of mod C Hurewicz isom



* (Rough idea)

In the relative case, need to consider
QX — (PX, (ev1) 1(A)) =& (X, A): relative fibration
Here we have

H.(X,A)ecC

e (No information on H,(QX))

Hence

H.(X, A; H,(QX))
~ H,(X,A) ® H(QX) &Tor{(---)

eC

4.2 Finite generation of m;(S™)

EXE 4.9 (Serre [Ser51], [Ser53]).

X: 1-connected space
#il 4.11

Assume
Vk € N, H,(X;Z): fin gen

Then
Vk € N, m,(X): fin gen

AEAH C = {fin gen ab grp}: acyclic Serre ring

~~ Yk, Hk(X;Z) eC

~~~ VEk, Wk(X) eC

i
EH 4.7 -
% 4.10.
7 (S™) is finitely generated
A n=1 %32
<z
n>1 %410 O

5l 4.11.

The assumption of 1-connectivity is necessary for 5 4.10.
For X = S'Vv S™ (n > 2), we have
o Vk, Hp(X;Z): fin gen

o Tn(X) 2 mn(X) = Hy(X;Z) 2 ZOZ: not fin gen
EHL 3.1 EH 3.7

)Z':\/S"

jetel=l=1}
f’
o

X =Stvsn

EH 4.12 ([Ser51]).

7 (S™) is finite abelian group except for
o m,(S™") 2 Z
® Tym—1(S*™) 2 Z & (fin ab grp)

AEAH Use

o T 4.7 for F = {fin ab grp} (See #l 4.5)

e Cartan-Serre’s killing homotopy method (£ 6 i)
(See [Hat, Theorem 1.21] for details)

4.3 Torsions in 7 (S™)

EF 4.13.
n>1
Define 72: S?"~! — Q25%7+1 by the composition

7772L: Sanl Ns2n—1 9252n71 o~ Qs2n

Qngan
e

Q(QESQH) ~ Q2s2n+1

T (SQn—l) E? 7Tlc+2(52n+1)

Tk (Q2s2n+l)

EIE 4.14 ([Ser53)).
n>1
p: prime

Then

(1) E2?: Wk(SQn_l) — 7T]€+2(52n+1)2
Tp-surj (k=

where 1r:=2pn—3
(2) Vk<2n+4p—5

me(S* ) {p} 2 mh—2042(S°) {p}

10

Tp-isom (k<7



FEBH (1) By Serre spectral sequence, we have

(k<r

(77721)* Hk(s2n71) s Hk(Q2s2n+1): {E-ISOI.H
Tp-surj
~~~ Apply mod 7, relative Hurewicz theorem
(c.f. Proof of &H 3.14)

(2) Apply (1) inductively

[l
EIHE 4.15 ([Serb3]).
0 k<2p
(s Y <)
Z/p (k= 2p)
ZEBH Use Cartan-Serre’s killing homotopy method
(Detailed proof will be given in £ 6 i) 0

4.4 Localization of spaces and exponents
of homotopy groups

EIE 4.16 ([Tod56], [CMNTY], [Nei8l],

[Neil0, Corollary 11.8.3]).

p: odd prime
n>1
Then
P (S {p} = 0

ZEBH Throughout this proof, all spaces are localized at p.

o X — X(p): “localization” of top sp
° W*(X(p)) = W*(X) KRz Z(p)
° H*(X(p);Z) H.(X;Z) ®g Z(p)

~

where  Z,) = {% | p does not divide b} C Q
localization of Z at the prime p
In this proof, we omit (—){p} from the notation
~~~ In particular, for £ > 2n + 1,
me(S2 ) = (82 {p}

Here we use the maps
o n2: S~ 5 0282+ (5E 3 4.13)
o, Q252 §n—l (G 4.17)
For k > 2n + 1, we have

p- (S C ()« (mr—2(S*" 1)

11

p-me(SPY) = (Q%p), (mp—2 Q257" H)
EH 417
= (07 © on)«(Tp—a(2S>"T1))
C ()« (mr—2(S**71)

Hence we have

P m(S2) € p" T () (-2 (S TH))

Cp" 2 (mpomp_y)w(mr—a(S?"7%))
C P

Cp’ (ko ni)u(mr—2n(SY))

=0

EH 4.17 ([CMN79, Theorem 1.1], [Nei81]).
i, : Q2527+ Gn—1 g ¢,

(1) n2 o pp, ~ N2p: Q28+ 5 O2§2n+1
(2) pno 17721 ~p: §2n-1 5 g2n—l

where
p: S* — S*: the map of degree p
(p € Z = m,(S%))

FEHH Consider
o P2tl(p) = §% U, D"+ mod p Moore space
s P2n+1<p) _»52n+1: “pinch map”

e F': its homotopy fiber
ie. F — P?"l(p) — S§?*1: fibration
s Q282041 29 O QP2tl(p): fibration
By using
e homotopy Bockstein spectral sequence
e Samelson product (Lie alg)

we have a decomposition

QF ~ 52"~ x (other factors)

Combining this with 20, we obtain

Qo

02g2ntl 929, ap proj g2n—1

O

Moreover, 7EH} 4.16 is best-possible by the following theo-

rem:



EIE 4.18 ([Gra69], [Bau8l, Theorem 1.9, pp. 93-94]).

p: odd prime
k>n>1withp" ! |k
Then

P! Tokp—1)420 (ST {P} # 0

12



5 Fibration :
o '=p (b)) = “Kerp”
e F = (“twisted product” of F and B)
SE
[Hat02] §4.2 A®D “Fiber bundles” (p. 375~) * §4.3 D
“Fibrations” (p. 405~) R&& 2725
[EAK 20] 28 5 FEASH T & fibration (2B 2% T, FEHIC
FLLEPNT NS,

~~~ Are there long exact sequences?

A HE

e For homotopy groups: Yes! (firid 5.4)
e For (co)homology groups: Partially yes! (£ 5.2 fifi)

fhRE 5.4.

F i> E 2 B: fibration

5.1 Fibration and homotopy groups Then The following seq is exact:
£ 5.1. o —— m(F) —=— mp(B) —2— m(B)
x Dx
p: E — B: map (B: path-connected) — me1(F) - Th-1(E) — mr-1(B)
Define ——— Mp_o(F) —=— ...

p: (Hurewicz) fibration

& vz space

(Around mp: exact seq of based sets)

ERiH
Zx{0} —Y E - .
\[ 3//7‘ l” e The long exact seq for the pair (E, F'):
ZxI—> B i —— mp(F) —= mu(B) — mi(E, F)
~ Ty
. —— T (F) —— -+~

e Take by € B (base point)

o F:==pY(by): the fiber of p e p.: mh(E, F) =, m(B)

& Tase (i, w70 Wt (See [Hat02, Theorem 4.41])

F — E % B: fibration % 5.5.

#l 5.2. m3(S%) =2 7Z

$ COVENInE space FEW Recall: CP™ = (C™H1\ {0})/C* = §27+1 /81

e fiber bundle (with paracompact base)

~~~ E = (“twisted product” of F and B) o~ Sl 5 §2n+1 _y CP": fibration
e OX — PX =% X: path-loop fibration For n = 1, we have

e S — §3 5 CP!: fibration
o CPl=CU {0} =52

o~ St 5 S35 52 fibration

where
o (X,x): based space
o PX == {y: 1 - X | 7(0) = z0}: based path
space Hat02 Wikd
o QX := Map,(S*, X) based loop space By i 5.4, we have
={y: I = X |7(0) =~(1) = zo}
C PX

(see E# 3.17)

evi: PX — X
v — (1)

— 7'('3(51) e 7T3(S3) *>7T3(52)

E— 7T2(Sl) e 7T2(S3) —_—

0]
s T2 w3(S93) S5 my(52)

(Apply i 5.12 to {zo} — X)
FE5.3.

We can regard ' — E — B as a “short exact seq of

spaces”

13



5.2 Fibration and cohomology groups

Here we discuss “long exact seq” of cohomology for a fi-

bration. (See i 5.3)

S
A= 5.6.

In contrast to the case of homotopy groups, we obtain:

e General case ~~~ Serre spectral sequence (FEH 5.7)

e B~ S" —~~ Wang exact seq (/5 5.8)
o [~ S" —~~ Gysin exact seq (FEH 5.10)

EH 5.7 ([Ser5l]).

F — E — B: fibration

G: ab grp
Then J{EP?}: 1st quadrant spectral seq s.t.
e EV1~ H?(B; HI(F;@G))

e “converges to” HPTI(E;G)
e 1 <Vr<oo
o FE, is a bigraded algebra

od,: E. — E,.: derivation

EIH 5.8 ( [Wand9)], [Ser51]).

n>2
F % E 2 B: fibration
Assume
e B: l-connected
o H*(B;Z) = H*(S™Z)
Then The following seq is exact:

. —— HYE) —~— H¥(F) -5 HF-"H(F)
H*1(E) i HFL(F) 6 HE—n2(F)
(

. HFk+2 E) i L

Moreover, 6 is a derivation of degree —(n — 1)
i.e. for Va,y € H*(F),

O(zy) = 0(x)y + (1)1 "Dzh(y)

where  |z|: degree of z (i.e. x € HI?I(F))

AEA (See [Ser51] [AikiB 91, §10.4 (b)] for details)

Serre A2 pLRFID Corollary & UL TEBIZRSOND

BIFERA (See [Die08, Theorem 17.7.2] [/ 67, 25 6 & &

# 6.1] for details)

For simplicity, we assume B = S™.

e Write S” = D7 U D"
Identify S*~!' = D nD™ C S
e Define gn—1
0 By =p(D}) v
o BEy:=E,NE_=p1(S" 1
S" =Dt uD™
~~~ We have
o L = D" x F~F (' DY is contractible)
~~ HF(EL) = HF(F)
o Ey = S" 1 x F (- restriction of E, =2 D" x F)
I'We choose +
~~ HF(Ey) = HF(F) @ HF"TY(F)
By Mayer-Vietoris seq, we have

- — HME) — HYEL) ® HY(E_) % H*(E)

— HMYE) ——— .

Here we can write

0 0

0= gd 1d) . H¥(F)@ H*(F) — H*(F)@ HF—"+(F)
.- We chose + to trivialize Fj

where

e a: S"" 1 x F — F: the “clutching function” ([Wika])
« determines the gluing
(D_’T_ X F) USH—IXF (D’r_l X F) :E+UE_ =F

e By #fii# 5.9, we have 0 == 0,: HF(F) — H*"+1(F)

~~~ 0: derivation of deg —(n — 1)

“Canceling” the part id: H*(F) = H*(F),

we obtained the seq in Theorem. 0

=8 5.9.

m>1(m=n—11in EH 5.8)

by € S™

F': top sp

a:SMxF—=F st oalgyxp~idp: F— F
~~~ We have

o*: HE(F) — H*(S™ x F)

Hat02
= (H(S™) ® H*(F))
® (H™(S™) ® H*"™(F))
~~~ Define 0,: H*(F) — H* ™ (F) by

o (2) =1z +w®by(x)



where
e 1 € HY(S™): the unit
e we H™(S™): generator

Then 6, is a derivation of deg —m
Namely, for Vz,y € H*(F),

Oa(2y) = ba(w) -y + (1) - 64 (y)

ZEAA Write 0 == 6, for short.

Since a* is an alg map, we have

a’(ry) = o (z)a”(y)
Here we can write these by using 6:
o o (zy) =1®@zy +w @ O(zy)
o & (z)a’(y) = 1@z +wi(z)(1®y+wci(y)
=1Qzy+we (0(x)y+ (fl)lm”“"zé)(y))m

EHE 5.10 ([Gys4l], [Ser51]).
n>1
F — E % B: fibration
Assume
e B: l-connected
o H*(F;7Z) = H*(S™Z)

Then The following seq is exact:

. — HFrY(B) e gR(B) —2 s HE(E)
— P, gh-n(B) —Yey HEHY(B) s HEHI(E)

D! Hk;_n_l,_l(B) Ue .

where
e c € H""(B;Z): the Euler class

e pi: integration along the fiber

ZEHH Follows from either of

e Serre spectral sequence TH 5.7

e Thom isomorphism theorem

5.3 Homotopy fiber

EF 5.11.

@: A — B: continuous map

bo € B

Define

o B, :={(a,7)|7(0) = p(a)} C Ax B’
Dy E, —— B

(a,7) —— (1)
o Fp = {(a,7) [1(0) = p(a), 7(1) = by} C E,

15

i, F, — E,: the inclusion
We call
F,: homotopy fiber

These are closely related to cylinder and cone (£ 5.4 i)

A E, — B!
:J/ ZJ/EVO
B
)
(a,7) € E,
il 5.12.
A+—=—— E, homotopy equiv

1) ar— (a, const,(q))
a +— i (a,7y)
(2) F, £ E, 2% B: fibration

(Sometimes we write F,, - A — B: fibration)

Al
(1) For V(a,v) € E,, no condition is assumed for (1)
~~~> We can shorten 7y to const,q) (in E,)

~~~ We obtain a deformation retract to

{(a,consty ) | a € A} C E,

(2) Given a diagram

Vh
Zx {0} 2 E,

| =

ZxI ", p

~~~ Write h(Z) = (a(Z),vz) (Z € Z)

where
ea:Z — A
e vz: I —+ B
such that
0 12(0) = pla(2))
e vz(1) = Hz(0)

(depends continuously on Z € Z)

(Hz(t) == H(Z,1))
For Z € Z and t € I, define apathI'z;: I — B by

Vz (1 ut/2) 0<u<1-1t/2),
Hz2u—-2+t) (1-t/2<u<1).

FZ,t (u) =

Using this, we define H: Z x I — E,, by

H(Z,t) = (a(Z),Tz,:)



H(Z,0) =nh(Z) .
~— as required

Po(H(Z,1)) = H(Z,1)

WZ) = (a(2),72), H(Zt)=(a(2),T2:) (Z€2Z)
(See [Hat02, Proposition 4.64] for details) 0

& 5.13.
v: (A,ap) — (B,bo): based continuous map
> F, % E, % B: fibration
~~~ L’% E;, Fe, E,: fibration
Then
F;, ~QB

~~~ QB — F, -+ A — B: “homotopy fiber seq”
#FHH We have a comm diagram

3
F, — E,

o

where

o 11 Eo —— A pomotopy equiv (A 5.12 (1))
(a’W) —a

FWLESO%A
(a,7) ————a

e 1 =T0iy:

~ f%v C:‘F;
* homotopy fiber “preserves” homotopy equiv

Moreover,
q: F, — A: fibration

s F,~q (ag) 2 QB

q '(ao) = {(a,7) € F, | a = ao}
{(a,y) e Ax B |
p(a) =v(0),7(1) = by, a=ap}

=~ {v e B! | p(ag) = 7(0),7(1) = bo}

=~ QOB
a v
¥
bO\r
B

% 5.14.
p: A — B: continuous map
bp € B

Then By taking successive homotopy fibers, we have

02F, 24 024 24 02p
OF, =% 04 =% 0B

F, —*—»A—*B

s.t. each successive triple is a fibration (up to homotopy)

ZFBH Follows from
o fiieH 5.13

e homotopy fiber “preserves” homotopy equiv

AR 5.15.

(1) The seq in & 5.14 is a topological version of “exact
triangle” (in triangulated category).

(2) Given F — E & B: fibration
~~~ F, ~ F (See [Hat02, Prop 4.65])
Applying the functor 7 to the seq, we have

000 —p ﬂk(QzF) E— ﬂk(Q2E) E— Wk(QZB)

E— Wk(QF) E— Wk(QE) E— ﬁk(QB)

E— Fk(F) — 7Tk(E> E— 7Tk(B>

~—~~ We recover the exact seq in e 5.4.



5.4 Mapping cone and cylinder
(Z @ subsection DHN&IE, MABETIEHDIR)
5.4.1 For spaces

There are “dual” notions for fibration and homotopy fiber.

Wikb
See [ER 20, §5.9, 5.10] for details.
£ 5.16.
i: A— X: map
Define

1: cofibration

& vz space

<= VZ: space

e X/A = X/ ~: the cofiber of i

where Va,a' € A, a~ad

e We also write

AL X o X/A: cofibration

#£5.17.

p: A — B: conti map
Define

e Cyl(p) := (A x I) Uy B: mapping cylinder
e Cone(p) := Cyl(p)/(A x {1}): mapping cone

A—F B

inclol: lz

Ax I —— Cyl(y)

A x {1}

[A > {1}]

quotient

Cone(y)

##78 5.18.

(1) B =~ Cyl(y)
(2) A — Cyl(¢) — Cone(y): cofibration
(3) A — B — Cone(p) — X A: “htpy cofiber seq”
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5.4.2 For chain complexes

There are algebraic counterparts ([Wei94, §1.5]):

£ 5.19.

f: X = Y: chain map (d: X — Xgr_1)
Define
e Cyl(f): chain complex given by
o Cyl(f)k = X & Xp—1 0 Yy

dx idx O
ode:=[0 —dx 0 |:Cyl(f)r = Cyl(f)e—1
0 —f dy

e Cone(f): chain complex given by

o Cone(f)r = Xk—1 P Y
o dy = (__d; d0y> : Cone(f)r — Cone(f)r—1

x—71 Ly

m& E

I®X —— Cyl(f)

where

° ISZ(~-~—)O->Z€£>ZU0€BZU1—>O—>--~>

e J(e) :==v1 — vy

o ig(x) =v R

fi& 5.20.

(1) Cyl(f) =Y

(2) 0 = X — Cyl(f) — Cone(f) — 0: exact

(3) X =Y — Cone(f) — X[1]: “exact triangle”

(4) Y[—1] — Cone(f)[-1] - X — Y: “exact triangle”

5.4.3 Difference between spaces and chain com-

plexes

EE 5.21.

spaces are unstable



6 Killing homotopy D /%

[CS52a] [CSH2b] IZTHE X 6Nz, Wh®Y 5 “killing homo-

topy” D HFEZDWTIRNT 5.

Idea
X: top. space
nenN

~~~ We want to compute 7, (X)

(1) Construct a space X’ such that
o Vk <n, mp(X')=0
o m,(X') 2 m,(X)
(2) Compute H.(X';Z)
(3) We have H,(X;Z) = 7, (X') & 7, (X)
EH 3.7
Keys to construct such a space X':
e Eilenberg-MacLane space K(G,n) (€2 6.1)
e homotopy fiber (/&% 5.11)

6.1 Eilenberg-MacLane space

EIE 6.1.

G: abelian group
n>1
Then 3'K(G,n): space s.t.

T(K(G,n)) = {G

K (G,n) is called Eilenberg-MacLane space of type (G,n)

Akl

Existence Take a free resol. as an ab. group:

0—>ZB£>ZA—>G—>0

where

e A, B: (possibly infinite) sets

e ZA: free ab. group with basis A
e 7.B: free ab. group with basis B

By induction on m > n, we construct K,, s.t.
e K,: CW cpx of dim < m

o K\ 1 C Ky

o Vk <m, mi(Ky) & m(K(G,n))

~~~ Define K(G,n) =,, Km

m =mn Define K,, :=\/, 5"

Il
N
=
3

~— Wk(Kn)
R 3.7 0 (k<n)

m=mn-+1 Define p, € m,(K,,) by

Tn(Kp) ——— ZA
oy «— f(b)

~~~ Attach (n + 1)-cells along ¢ for each b € B:

Kpp =K, ul JD"!
B

In other words, define K, 1 by the pushout diagram

HbEB Sn M) K’IL

ol |

1
HbeB D+ ¥ Ko

~—~~ Bach ¢, € m,(K,) is killed by D"*! corresponding
tobe B

o~ (K, 2 ZA/f(ZB) = G

m>n-+1 Attach m-cells to kill all elements of
Tm—1(Km—1) without affecting 7<,,—1(Kp—1)
Uniqueness Omit

(See [Hat02, Proposition 4.30] for details)

5 6.2.
o K(Z,1) =~ St
o K(Z/2,1) ~ RP*>
o K(Z,2) ~CP>
i 6.3.

QOK(G,n) ~ K(G,n—1)

Al

) e e JG (kt1=mn)
k(K (G, n)) ;ﬁﬁégl(llg(a ) {0 (k+14#n)

fPRE 6.4.

ZEF Use Gysin seq &HE 5.10



6.2 Cartan-Serre’s killing homotopy

method

EIE 6.5.

74(S%) = 7Z/2

FEHH Take [¢] € 73(K(Z,3)) = Z: generator

e 0: 93— K(Z,3)
o o, m3(S3) = m3(K(Z,3)): isom

~ N

~~~ Take the homotopy fiber of ¢:

F,— S*— K(Z,3)

~~~ We have

—— my(F,) —— m3(S?) ——

=0

—— m(F,) —— m(S3) ——

I
o

— m(F,) —— m(S3) ——

I
o

o 4(S%) = my(Fy) = Hy(Fpi Z)
EHL 3.7
~~~ Hence fili#f 6.10 below completes the proof

7 6.6.

K(Z,2) — F, — S3: fibration

ma(K(Z,3))

WS(K(Z7 3))

ma(K(Z,3))

m(K(Z,3))

W] Taking the homotopy fiber for F, — S3,

i 5.13 completes the proof

7 6.7.

Hk(Fw3Z) =

Z
Z/m
0

(k=0)

(k=2m+1>25)

(otherwise)

O
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FEH] Write K == K(Z,2)
~~~ H*(K) =~ Zz]

fiTEd 6.4

By fiti# 6.6, we have
K—F,— S3: fibration
Here we have

0<Vk<3, HNF,=0 (6.8)

° 7T§3(F¢) =0
e Hurewicz thm (FEH 3.7)

e universal coefficient theorem (see ffii# 6.10 for ref)

Applying the Wang exact seq (Z£# 5.8) to the fibration in
ffi7E 6.6, we have

o — H(F,) — H*(K) —%— H(K)
(6.8)

——— H3(F,) ———— -
(6.8)

. H2m—1<K) 0 H2m—3(K>

s HPM(F,) ——— H(K) Y B 2(K)

H2™+1(F,) H2™+1(K) o ...

~~~ We have an exact seq
0— H*™(F,) = H*™(K) % H*™*(K) — H*™*(F,) = 0
(6.9)
~~~ Enough to compute 0: H>™(K) — H*" %(K)
(for m > 2)
Here we have
0 HAK) —— HY(K)
T %1
~~~ We may assume §(z) =1

* 9. H™K) —— HXmD(K)
"™ ma™ !

© @ derivation

~~~ (6.9) can be written as

0— H*"(F,) - Z " Z— H*""Y(F,) =0



e H(F,) =0
. H2m+1(F¢) >7Z/m
(See [Hat, Example 5.19] for details) 0

##78 6.10.

Z (k=0
Hy(FpZ) = S Z/m  (k=2m > 4)
0 (otherwise)

AlEA i 6.7 and the universal coefficient theorem [Hat02,

Theorem 3.2 and p.198] 0
fifizd 6.10 completes the proof of % 5.5.
25 4 i

Moreover, we can prove & 4.15.
Recall from &% 4.6:

M{p} ={reM|FieNpz=0yCcM

EIH 4.15 ([Serb3]).

~ )0 (k < 2p)
(5 {p) = {Z P
ZEI By 46 6.10,
He(Fzy =T 0 (k<)
. Z/p (k= 2p)

where Recall from #i 4.5:
o Tpi= {MeT| Mip} =0}
e For MMNeT,
M=Tr N < M{p}= N{p}

~~~ By E# 4.7 (mod C Hurewicz isom), we have

~7, J 0 (k < 2p)
m(Fp) = {Z/p (k = 2p)

Since Vk > 4, m,(5%) = 7 (F,), this completes the proof.
O
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7 Rational homotopy theory

ZOHIFELEEREFITITVERA

Sullivan model DA

minimal model D4 HIGE FE b —HEDET
e KM @ minimal model

CP2#CP? (MEKHEE? 3 DL E?)

Sy Sn

model of pullback (free loop space)

Notation

Throughout this section, coefficients are taken in Q (or a
field of char 0)

7.1 Sullivan model

EE 7.1,
e DGA

e (graded) commutative

EE 7.2,

(AV,d): minimal Sullivan algebra

PN 76 graded Q-vector space with V=1 =0

o AV := Poly(V**") ® Exterior(V/°dd)
i.e. the free comm alg generated by V'

e (AV,d): DGA

. d(V) C A%V

EFE 7.3

quasi-isom

EH 7.4,
Apy (X) =7 C*(X)

EHE T7.5.

Sullivan model

Bl 7.6.
sphere

7.2 Formality

EE 7.7

formality

21

£ 7.8 ([DGMST5)).

cpt Kaehler manifold is formal

1 7.9.
e Sphere

e wedge

e connected sum

7.3 Rational homotopy groups

EH 7.10.
V = Homy/(7., Q)
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